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The canonical Einstein metric on G2 is dynamically unstable
under the Ricci flow
Stuart James Hall
Abstract
In this note we show that the bi-invariant Einstein metric on the compact Lie group G2 is
dynamically unstable as a fixed point of the Ricci flow. This completes the stability analysis for
the bi-invariant metrics on the compact, connected, simple Lie groups. Interestingly, G2 is the
only unstable exceptional group.
1. Introduction
On any compact, connected, simple Lie group G there is a canonical inner product on the Lie
algebra g given by multiplying the Killing form by −1; more precisely,
〈X,Y 〉 = −tr(ad(X) ◦ ad(Y )),
where X,Y ∈ g and ad : g→ gl(g) is the adjoint representation. This induces a Riemannian
metric g on G that is bi-invariant (both the actions of G on itself on the left and the right
are isometries). Up to scale, such a bi-invariant metric is unique. The metric g is an Einstein
metric satisfying Ric(g) = g/4 and is thus considered a fixed point of the Ricci flow
∂g
∂t
= −2Ric(g),
as the flow induces only homothetic scaling. A natural question is to consider whether a given
Einstein metric is stable in the sense that any flow starting at a small perturbation returns to
the Einstein metric. In this note we prove the following theorem (we refer the reader to Section
2 for precise definitions of stability):
Theorem 1.1. The bi-invariant Einstein metric on the compact, simple Lie group G2 is
dynamically unstable under the Ricci flow.
There has been a good deal of work on determining the stability of Einstein metrics and
it is expected that stable geometries should be quite special. By combining the above result
with the work of Cao and He [4], we now have a complete understanding of Ricci flow stability
for the canonical Einstein metrics on the compact, connected, simply-connected, simple Lie
groups.
Corollary 1.2. If G is a compact, connected, simply-connected, simple Lie group and
the bi-invariant metric is dynamically stable then G is one of:
– SU(2), Spin(n) for n ≥ 7, E6, E7, E8, or F4.
If the metric is unstable then G is one of:
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– SU(n) for n ≥ 3, Sp(n) for n ≥ 2, G2.
The stability of all of the groups in Corollary 1.2 except G2 can be determined by studying
the variational stability of Perelman’s ν functional; this is what was achieved by Cao and He
in [4]. The reason that the stability of G2 is not accessible by such analysis is that it admits
certain neutral directions of deformation coming from conformal variations of the metric. In
fact, the conformal variations are built from the eigenfunctions associated to the first non-zero
eigenvalue of the ordinary Laplacian. Recently, Kro¨ncke proved a stability criterion that can be
checked for such neutral conformal directions [12]. The criterion simply involves integrating the
cube of the eigenfunctions and determining if the resulting integral is non-zero (see Theorem
2.3). Kro¨ncke applied this test to the Fubini–Study metric on CPn for n ≥ 2 and showed
these metrics are unstable. There is also the recent work of Knopf and Sesum [10] where
they independently prove Kro¨ncke’s criterion and apply it to CPn. Using completely different
methods for computing the integrals of eigenfunctions, Murphy, Waldron and the author have
generalised the CPn result to the Ka¨hler–Einstein metric on all k-plane Grassmannians on Cn
with n 6= 2k [8].
The methods in this note are similar to those in [8] and the proof of Theorem 1.1 involves
putting together various classical facts from the representation theory of compact Lie groups.
The characters of irreducible representations are representatives of eigenvalues and thus are
class functions. Such functions can be integrated using the Weyl integration formula which
transfers the integral to one over a two-dimensional maximal torus. This integral can then be
evaluated explicitly and shown to be non-zero. Hence Kro¨ncke’s result shows that the metric
is unstable.
Determining which geometries are stable under the Ricci flow is useful for establishing what
possible singularity models could occur in higher dimensions. It would be interesting to consider
what happens to the Ricci flow on G2. For example, as G2 is a principal SU(3)-bundle over the
sphere S6, one possibility is that the flow shrinks the SU(3)-fibre and approaches the (stable)
round metric on S6. It is also interesting to note that G2 features in the lowest-dimensional,
non-spherical, stable Einstein metric that is currently known. This is the symmetric space
G2/SO(4) which was shown to be stable by Cao and He in [4].
Acknowledgements. It is a pleasure to thank Tommy Murphy and James Waldron for many
useful conversations about the stability of symmetric spaces. I would also like to thank David
Stewart for his comments on the representation theory of G2. I thank the referees for their
careful reading of the paper and providing useful suggestions for improvement.
2. Background
2.1. Stability of Einstein metrics under the Ricci flow
We will take the following definition of dynamical stability.
Definition 1 (Dynamical stability of Einstein metrics). Let (Mn, gE) be a compact
Einstein manifold. The metric gE is said to be dynamically stable for the Ricci flow if for
any m ≥ 3 and any Cm-neighbourhood U of gE in the space of sections Γ(s2(TM∗)), there
exists a Cm+2 neighbourhood of gE , V ⊂ U , such that:
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(i) for any g0 ∈ V , the volume normalised Ricci flow
∂g
∂t
= −2Ric(g) + 2
n
(∫
M
scal(g)dVg
)
g,
with g(0) = g0 exists for all time,
(ii) the metrics g(t) converge modulo diffeomorphism to an Einstein metric in U .
Remark 1. The notion of stability given in Definition 1 is sometimes referred to as
asymptotic stability (for example in [6]).
The literature on stability is quite extensive; we refer the reader to the references for the
details of the theory we will use. There is also a survey of the field in chapter 35 of [6]. One key
tool is the analysis of Perelman’s ν functional which was introduced in [13]. An Einstein metric
is a critical point of ν and, as ν is monotonically increasing along the Ricci flow except at its
critical points, the stability of the flow can be investigated by computing the second variation of
ν at an Einstein metric. This procedure was first carried out by Cao, Hamilton and Ilmanen in
[3] who gave a formula for the second variation of the ν functional (the proof of the variational
formula was given later in [5]). They demonstrated that understanding the classical linear
stability of a compact Einstein metric is the same as understanding the variational stability of
the ν functional. For a compact Einstein manifold (M, g), the space of sections of symmetric
two-tensors admits the following L2-orthogonal decomposition,
Γ(s2(TM∗)) = Ker(div)⊕ Im(div∗),
where div : Γ(s2(TM∗))→ Ω1(M) is the divergence map. The kernel Ker(div) admits a further
decomposition,
Ker(div) = K0 ⊕ Rg,
where
K0 =
{
h ∈ Γ(s2(TM∗)) | div(h) = 0 and
∫
M
tr(h)dVg = 0
}
.
The Lichnerowicz Laplacian ∆L preserves the subspace K0 and the stability can be described in
terms of the spectrum of the Lichnerowicz Laplacian viewed as a map ∆L : K0 → K0. We will
use the convention that the Lichnerowicz Laplacian has only finitely many positive eigenvalues
and a < ∆L < b means that the inequality is satisfied for the largest eigenvalue of ∆L when
restricted to the subspace K0. The following result, which paraphrases the results contained in
[3], could be taken to be the definition of linear stability.
Proposition 2.1 (Cao–Hamilton–Ilmanen [3]). Let (M, gE) be a compact Einstein
manifold satisfying Ric(gE) = ΛgE with Λ > 0. Then
(i) gE is linearly stable if ∆L < −2Λ,
(ii) gE is linearly unstable if ∆L > −2Λ.
In considering the case when the largest eigenvalue of ∆L on K0 is equal to −2Λ, we make
the following definition.
Definition 2 (Infinitesimal solitonic deformation (cf. Definition 6.1 in [11])). If the largest
eigenvalue of ∆L on K0 is exactly −2Λ then we say that the Einstein metric is neutrally linearly
stable. We will refer to the corresponding eigentensors as infinitesimal solitonic deformations
of the metric gE .
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Cao and He, building on the work in [3], investigated deformations coming from conformal
variations of the Einstein metric. In [4] they proved that, apart from when the manifold (M, gE)
is the round sphere, there is a linear map S : C∞0 (M)→ K0, where
C∞0 (M) =
{
f ∈ C∞(M) |
∫
M
fdVg = 0
}
,
such that ∆L(S(u)) = S(∆u) for all u ∈ C∞0 (M). The map sends eigenvalues of the ordinary
Laplacian to eigentensors of the Lichnerowicz Laplacian and clearly preserves the eigenvalue; in
particular, ∆L ≥ ∆. Cao and He gave a comprehensive study of the linear stability of compact
symmetric spaces and showed that G2 is neutrally linearly stable with the infinitesimal solitonic
deformations given by S(ϕ), where ϕ is an eigenfunction for the first non-zero eigenvalue of
the Laplacian.
The relationship between Cao–Hamilton–Ilmanen’s linear stability and dynamical stability
for Einstein metrics with Λ > 0 was made precise by Kro¨ncke [11] who built on earlier work
by Sesum [14] and Haslhofer and Mu¨ller [9].
Proposition 2.2 (Kro¨ncke (cf. Theorem 6.5 and Corollary 6.7 in [11])). Let (M, gE) be
a compact Einstein manifold satisfying Ric(gE) = ΛgE with Λ > 0. Then
(i) gE is dynamically stable if it is linearly stable,
(ii) gE is dynamically unstable if it is linearly unstable.
Remark 2. In [11] the results are stated with a further condition that gE has to satisfy,
namely that the infinitesimal solitonic deformations must be integrable (i.e. the deformation
comes from a genuine curve of Ricci solitons). As our notion of linear stability from Proposition
2.1 does not include the possibility that the Lichnerowicz Laplacian restricted to K0 has an
eigenvalue equal to −2Λ, gE has no such deformations and there is nothing to check so we
omit this condition from the statement of Proposition 2.2. The fact that linear instability
implies dynamical instability does not require any integrability assumption on the infinitesimal
solitonic deformations. In the case that the Einstein metric is neutrally linearly stable, one can
conclude that the metric is dynamically stable if one can show that all infinitesimal solitonic
deformations are integrable.
For Einstein metrics with infinitesimal solitonic deformations corresponding to S(ϕ) where
ϕ an eigenfunction of the Laplacian, Kro¨ncke proved the following result giving a criterion for
demonstrating dynamical instability.
Theorem 2.3 (Kro¨ncke (cf. Theorem 1.7 in [12])). Let (M, gE) be an Einstein metric
satisfying Ric(gE) = ΛgE for Λ > 0 and suppose that ϕ satsfies ∆ϕ = −2Λϕ. If∫
M
ϕ3dVgE 6= 0,
then gE is dynamically unstable.
Remark 3. A necessary condition for the infinitesimal solitonic deformation S(ϕ) to be
integrable is that the integral in Theorem 2.3 vanishes. Hence, in the course of the proof of
Theorem 1.1, we show that G2 has non-integrable infinitesimal solitonic deformations. This
can be compared with Theorem 1.5 in [11] where it is shown that the Fubini–Study metric on
CPn has non-integrable solitonic deformations for n ≥ 2.
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2.2. The structure and geometry of the Lie group G2
We begin by recalling some facts about general compact, connected, simple Lie groups G
with the metric induced by the Killing form. It has long been known (e.g. [15] and [16]) that the
eigenvalues of the Laplacian can be calculated using Freudenthal’s formula. Corresponding to
an irreducible representation with highest weight λ, Vλ, there is an eigenvalue of the Laplacian,
µλ, given by
µλ = |ρ|2 − |λ+ ρ|2, (2.1)
where ρ = 12
∑
α∈R+ α and R
+ is the set of positive roots. Furthermore, if Vλ is the
complexification of an irreducible real representation, the character, χλ, associated to Vλ is
real and is an eigenfunction of the Laplacian with eigenvalue µλ [1].
In this note, G2 denotes the 14-dimensional compact real form of the Lie group with complex
simple Lie algebra g2. The rank of G2 is 2 and we let T be a maximal torus with Lie algebra t.
We will use the description of the root system R ⊂ t∗ ∼= R2 given in [7]; there is a short simple
root α1 = (1, 0) and long root α2 = (−3/2,
√
3/2). The positive roots are then
R+ = {α1, 3α1 + α2, 2α1 + α2, 3α1 + 2α2, α1 + α2, α2}.
It is important to note that in [7] the authors scale the Killing form so that, with respect to
the metric induced upon the dual space, |α1|2 = 1. On G2, this normalisation corresponds to
scaling the metric g → 112g; in this case, the Einstein constant of the rescaled metric is 3. The
weight lattice is generated by the simple roots α1 and α2. The intersection of the closed Weyl
chamber and the weight lattice is generated by the fundamental weights ω1, ω2 where
ω1 = 2α1 + α2 and ω2 = 3α1 + 2α2.
The irreducible representation with highest weight λ = aω1 + bω2 is denoted Γa,b where
a, b ∈ Z+.
Proposition 2.4. Let g be the bi-invariant metric on G2 induced by the Killing form.
Then:
(i) The largest eigenvalue of the Laplacian is −1/2 and this corresponds to the irreducible
representation Γ1,0.
(ii) The character χ1,0 is a corresponding eigenfunction and can be represented in
coordinates θ1, θ2 on a maximal torus T by the function
χ1,0(θ1, θ2) = 2 cos(θ1) + 2 cos(θ2) + 2 cos(θ1 + θ2) + 1.
Proof. The smallest-dimensional non-trivial representation of G2 has dimension 7 and
corresponds to Γ1,0 (i.e. it is associated to the smallest of the fundamental weights). The
complex irreducible representation is a complexification of an underlying irreducible real
representation (this representation comes from a description of G2 as a certain subgroup of
SO(7) and so one can restrict the natural representation).
Noting that ρ = ω1 + ω2 we compute using Equation (2.1)
µ1,0 = |ω1 + ω2|2 − |2ω1 + ω2|2 = −6.
If we scale any Riemannian metric by g → kg for some k > 0, then the Einstein constant scales
by Λ→ k−1Λ and eigenvalues of the Laplacian also scale by µ→ k−1µ. As mentioned, we need
to rescale by taking k = 12 and so the eigenvalue for the metric induced by the Killing form is
−1/2 and we have proved part (1).
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To compute the character we note the following formula computed in Proposition 24.48 of
[7]
χa,b =
S(a+2b+1,a+b+1) − S(a+2b+1,b)
S(1,1) − S(1) , (2.2)
where S(s,t)(x1, x2, x3) is the Schur polynomial corresponding to the partition (s, t) and the
variables x1, x2 and x3 satisfy
∏
xi = 1. Here the character is defined on the actual torus T and
so x1 = e
iθ1 and x2 = e
iθ2 . Part 2 follows from substitution of a = 1 and b = 0 into Equation
(2.2) and simplifying.
3. The proof of Theorem 1.1
In order to compute the integral in Kro¨ncke’s stability criterion, we need the Weyl integration
formula. Here we give the version from [2]; to state it, we recall that a maximal torus T with
Lie algebra t yields an Ad-invariant decomposition g = t⊕ p.
Proposition 3.1 (Weyl integration formula, Theorem 17.2 in [2]). Let G be a compact
connected Lie group, T a maximal torus, and p as previously. If f is a class function, and if dg
and dt are Haar measures on G and T (normalized so that G and T have volume 1), then∫
G
f(g)dg =
1
|W |
∫
T
f(t) det
(
[Ad(t−1)− Id]|p
)
dt, (3.1)
where W is the Weyl group.
Remark 4. For a compact connected Lie group G, the Haar measure is, up to scale,
induced by the volume form of the bi-invariant metric. As the proof of the Theorem 1.1 will
simply require a certain integral is non-zero, we need not worry carefully about the rescaling
of the measures to ensure unit volumes.
We also note a computational simplification of the Formula (3.1) by considering the quantity
δ(θ) =
∏
α∈R+
(eα(θ)/2 − e−α(θ)/2),
where θ is shorthand for coordinates on the maximal torus T . We have the following identity
det ([Ad(exp(−θ))− Id]|p) = δδ¯.
We note further that δ is also the denominator (sometimes denoted Aρ) in the Weyl character
formula. We now give the proof of the main result.
Proof of Theorem 1.1. In order to prove instability, we must compute the integral in
Theorem 2.3 for a −2Λ−eigenfunction of the Laplacian ϕ and show the integral does not vanish.
Proposition 2.4 yields that the character of the irreducible 7-dimensional representation of G2,
χ1,0 = 2 cos(θ1) + 2 cos(θ2) + 2 cos(θ1 + θ2) + 1.
is such a −2Λ-eigenfunction. Clearly any power of the character is a class function and so
the integral can be computed using the Weyl integration formula (3.1). As we are only
interested in whether or not the integral is zero, we do not worry about scaling the Haar
measure (induced from the bi-invariant volume form) to have unit mass. The Jacobian factor
det
(
[Ad(t−1)− Id]|p
)
can be computed from the quantity δ which itself is computable directly
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from the root data of g2. We calculate
δ = 2 cos(θ1 + 3θ2)− 2 cos(3θ1 + θ2) + 2 cos(2θ1 − θ2)− 2 cos(θ1 − 2θ2)
+2 cos(3θ1 + 2θ2)− 2 cos(2θ1 + 3θ2) .
Hence we find ∫
G2
ϕ3dVg = C
∫2pi
0
∫2pi
0
χ31,0 δ
2 dθ1dθ2,
where C > 0 is some fixed scaling constant. The result follows from the fact (easily computed
in Maple) ∫2pi
0
∫2pi
0
χ31,0 δ
2 dθ1dθ2 = 48pi
2 6= 0.
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